Abstract This work shows that it is possible to calculate numerical values of the Chandrasekhar H-function for isotropic scattering at least with 15-digit accuracy by making use of the double exponential formula (DEformula) of Takahashi and Mori (Publ. RIMS, Kyoto Univ. 9, 721, 1974) instead of the Gauss-Legendre quadrature employed in the numerical scheme of Kawabata and Limaye (Astrophys. Space Sci. 332, 365, 2011) and simultaneously taking a precautionary measure to minimize the effects due to loss of significant digits particularly in the cases of near-conservative scattering and/or errors involved in returned values of library functions supplied by compilers in use. The results of our calculations are presented for 18 selected values of single scattering albedo ̟ 0 and 22 values of an angular variable µ, the cosine of zenith angle θ specifying the direction of radiation incident on or emergent from semi-infinite media.
Introduction
We can express the emergent intensities of radiation reflected by semi-infinite, vertically homogeneous media in terms of Chandrasekhar's H-functions H(̟ 0 , µ), the solution of the following integral equation:
where ̟ 0 is the single scattering albedo, µ is the cosine of the zenith angle θ specifying the direction of incident or emergent direction of radiation, and Ψ(̟ 0 , η) is the characteristic function representing the type of scattering the radiation undergoes (Chandrasekhar 1960) . Lately, Kawabata (2015) developed an efficient iterative scheme to obtain numerical values of the H(̟ 0 , µ) with 11-digit accuracy by making use of the approximate interpolation formula obtained by Kawabata and Limaye (2011) (see also Kawabata and Limaye 2013, for erratum) for the H(̟ 0 , µ) for isotropic scattering, which corresponds to Ψ(̟ 0 , η) = 1 2 ̟ 0 . Accurate numerical evaluation of the H-function is important not only for radiative transfer-related problems but also for other disciplinary areas such as the condensed matter physics and the theory of neutron transport as has been pointed out by, e.g., Jablonski (2012) . An outstanding work from this standpoint was made by Viik (1986) , who succeeded in calculating numerical values of the H, X, and Yfunctions of Chandrasekhar 1 with 14-digit accuracy approximating Sobolev's resolvent function employing exponent series. Equally interesting work was done by Mohankumar and Natarajan (2007) , who evaluated the H-function for isotropic scattering via Xfunction of neutron transport for single speed and isotropic case together with the application of the double exponential formula (DE-formula) proposed by Takahashi and Mori (1974) .
However, in the case of the H-function for isotropic scattering, various forms of integral representations such as the one employed by Kawabata and Limaye 1 They are often referred to as Ambarzumian-Chandrasekhar's functions in Russian literature (see, e.g., Sobolev 1975; Ambarzumian 1942 Ambarzumian , 1944 . However, we shall adhere to the name Chandrasekhar's functions just for brevity.
(2011) are known. It would therefore be interesting to investigate if it is possible to calculate the values of the isotropic scattering H-function using an integral representation with accuracy comparable to that of Viik (1986) .
Formalism
Since our main interest is in applications to radiative transfer problems, we may assume that the parameter ̟ 0 lies in the range [0, 1] . As in Kawabata and Limaye (2011) , let us express the H-function for isotropic scattering in a closed form:
where we have defined the functions f 1 and f 2 as
Evidently, H(0, µ) = 1 holds irrespective of the values of µ due to the fact that f 1 (0, x) = 0. It should be noted that Kawabata and Limaye (2011) applied the Gauss-Legendre quadrature to perform the integration over the interval [0, π/2] in Eq.(2) for non-conservative cases, viz., ̟ 0 < 1. In the conservative case, on the other hand, they partitioned the domain into [0, ε] and [ε, π/2], and an analytical integration was carried out for the first interval assuming ε ≪ 1, thereby avoiding the numerical difficulty that would arise from a logarithmic divergence of the integrand at x = 0, while the Gauss-Legendre quadrature was applied to the second interval.
The most straightforward way to fulfill our objective would therefore be to replace the Gauss-Legendre quadrature with something superior. This premise and the work of Mohankumar and Natarajan (2007) naturally led us to trying the double exponential formula (DE-formula) of Takahashi and Mori (1974) for numerical integrations. The optimality of the DE-formula has been mathematically proven by Sugihara (1997) , indicating that it is capable of giving the most accurate result by the minimum number of function evaluations (Mori and Sugihara 2001) . The method is known to be efficient even for integrals with end-point singularities. Furthermore, it can easily be incorporated with integrations equipped with automatic stepsize adjustment. What is more, halving the step-size approximately doubles the number of significant figures (Takahashi and Mori 1974) . Obviously, therefore, the DE-formula is a highly promising alternative to the Gauss-Legendre quadrature employed by Kawabata and Limaye (2011) .
In writing our automatic integrator in FORTRAN code applying the DE-formula to calculations of the Hfunction, a recourse has been made to the subroutine DEAUTO, a RATFOR code, published by Watanabe (1990) , which ingeniously circumvents the overflow problem often encountered when computing the weights of the DE-formula (see also Mori 1990 ). We shall perform all our calculations in double-precision arithmetic with the Compaq Visual Fortran compiler Ver. 6.6 for 32-bit computers.
In actual numerical calculations, we closely follow the procedure of Kawabata and Limaye (2011) : for the conservative scattering case (̟ 0 = 1), the integral involved in Eq.(2) is evaluated in two parts as has been mentioned above:
where we have
according to Eq.(A.1) of Kawabata and Limaye (2011) , and
which we shall calculate using an automatic integrator code based on the DE-formula, and hence the suffix DE attached to H(̟ 0 , µ) appearing on the left-hand side of Eq.(4). The use of Eq.(5) enables us to avoid the numerical difficulty arising from the logarithmic divergence of f 1 (1, x) as we approach x = 0. In the non-conservative cases (̟ 0 < 0), on the other hand, no such singularity problem occurs in the integrand of Eq.(4), so that the DE-formula is applied to the entire domain [0, π/2] with ε being set to 0 in Eq.(6).
Furthermore, to minimize the effect of an error originating from f 1 (̟ 0 , µ) for small values of x and that due to loss of significant figures caused when the value of ̟ 0 is close to but not equal to unity, we shall use the Maclaurin series expansion truncated at the x 12 order term:
where x t is a certain demarcation point and ̟ 0 = 1 − δ with δ being externally specified. Even for x > x t , the use of the following form has been found effective for preventing loss of significant figures:
where we have put u = x/ tan x. An adequate set of numerical values for the parameters ε and x t will be determined applying a modified Powell's method for function minimization (Press et al. 1992 ) as we shall discuss later. One great advantage of this method is that it does not require gradient of the target function to be minimized.
To 
to polish the values of H DE (̟ 0 , µ) to get a refined set of values H It (̟ 0 , µ). Needless to say, both H It (̟ 0 , µ) and H DE (̟ 0 , µ) must be in agreement with each other to 15 digits or more provided that the latter actually approximates the true solution for the H-function with a 15-digit accuracy, and that the integration over x in Eq.(9) has been done with a comparable accuracy by means of the DE-formula. An estimation of the numerical error in each value of H DE (̟ 0 , µ) may then be made by calculating the difference of the two:
Although not explicitly indicated here for brevity, the quantity ∆ depends not only on ̟ 0 and µ but also on the values of ε and x t assumed for the H-function calculations. The multiplicative factor 10 15 is to stress how many units of difference exist in the figure at the 15-th decimal place of a given value of H DE (̟ 0 , µ) compared with that of H It (̟ 0 , µ), presumably a closer approximation for the true value.
For the purpose of an additional check, we shall also calculate the zeroth through fourth order moments α m (̟ 0 ) (m = 0, · · · , 4) of the H-function:
which yields the following analytical relations:
together with
where the second expression of Eq. (12) is based on the series expansion of √ 1 − ̟ 0 with respect to ̟ 0 to the term of order ̟ 5 0 , and the quantity q ∞ is the Hopf constant (Yanovitskij 1997) or the Hopf extrapolation length (van de Hulst 1980) , whose value 0.71044608959876307 · · · is given by Viik (1986) up to the 59-th decimal place (see also Appendix of the present work). The numerical integrations required for Eq.(11) are to be carried out also using the DE-formula to achieve as high an accuracy as possible.
Numerical Results
A foremost reference of comparison to judge the quality of our numerical results would be Table XI on p. 125 of Chandrasekhar (1960) . Unfortunately, however, some of the numerical values presented in this table contain non-negligible errors in the fourth or fifth decimal figures as has already been noted by Hiroi (1994) . Since his tabulation fully covers Table XI but with higher numerical accuracy, we instead made a direct comparison of our results with those of Hiroi (1994) by adopting all of the 47 ̟ 0 -values employed by him for tabulation together with nine additional values, viz., 10 −3 , 1 − 10 −5 , 1 − 10 −7 , 1 − 10 −9 , 1 − 10 −10 , 1 − 10 −11 , 1 − 10 −12 , 1 − 10 −13 , and 1 − 10 −14 to inspect the behavior of our values of the H-function in the presence of strong extinction or in the near-conservative cases. For each of these, the values of the H-function were calculated at 22 values of µ comprising 21 values 0 (0.05) 1 employed by Hiroi (1994) also for his tabulation and one extra value 0.01.
For a given set of values for the parameters (ε, x t ), 56 × 22 absolute values of ∆ were obtained following Eq.(10), which were then summed up to get the total value ∆ Tot (ε, x t ):
It is expected that the set of values for (ε, x t ) which minimizes the value of ∆ Tot (ε, x t ) is optimal. We made a search for such pair incorporating the subroutine powell in Press et al. (1992) with our FORTRAN code for H DE (̟ 0 , µ) calculations and treating the ∆ Tot (ε, x t ) as the target function, to get to the following result:
which we adopted to generate the final version of numerical tables of H DE (̟ 0 , µ). To start with, our numerical results, rounded to the fifth decimal place, were compared with those of Hiroi (1994) shown at 987(= 47 × 21) entries in his Table 1 : the figures in the two data sets were in perfect agreement at 966 entries, and one unit differences in the fifth decimal possibly arising from round-off errors were found at the remaining 21 entries. In contrast, Table XI of Chandrasekhar (1960) exhibits numerous differences in the fifth or even in the fourth decimal compared to ours: for ̟ 0 = 0.7 and µ = 0.05, for instance, we as well as Hiroi (1994) have 1.06765, whereas Chandrasekhar (1960) gives 1.06780. In view of the fact that our result and Hiroi's are identical in spite of the difference in the adopted computational methods, this difference of 0.00015 can duly be attributed to a fourth decimal error involved in the value shown in Chandrasekhar's Table XI.  Tables 1 through 6 show the values of H DE (̟ 0 , µ) to the 15-th decimal place (16 decimal digits) as functions of ̟ 0 and µ: 18 values of ̟ 0 , viz., 10 −3 , 0.1, 0.3, 0.5, 0.7, 0.8, 0.9, 0.99, 0.999, 1 − 10 −5 , 1 − 10 −7 , 1 − 10 −9 , 1 − 10 −10 , 1 − 10 −11 , 1 − 10 −12 , 1 − 10 −13 , 1 − 10 −14 , and 1, selected from the 56, and the 22 aforementioned values of µ, viz., 0, 0.01, and 0.05 (0.05) 1 adopted for our calculations. For brevity, however, we have dropped the suffix DE in the tabulation.
The value of ∆ associated with each value of H DE (̟ 0 , µ) indicates a possible error present in the 15-th decimal figure. We see that the largest magnitude of error is 2, so that all the results for H DE (̟ 0 , µ) must be exact at least to the 14-th decimal place or to 15 decimal digits.
2 Also shown in the bottom section of each table are the values calculated for the zeroth through fourth order moments α m (̟ 0 ) (m = 0, · · · , 4) of the H DE (̟ 0 , µ) as functions of ̟ 0 . As a second check, we compared our values for H DE (̟ 0 , µ) and α m (̟ 0 ) (m = 0, · · · , 4) with those tabulated in Bosma and de Rooij (1983) to the 10-th decimal place, to confirm that both data sets fully agree with each other if ours are rounded to the 10-th decimal place. Next, our results for α 0 (̟ 0 ) and α m (1) (m = 1, 2, 3) were compared with those given by Eqs. (12) and (13), to find that they too are in perfect agreement with each other to the 15-th decimal place.
We should also note that Viik (1986) gives in his TABLE II the values of the H-function for isotropic scattering at 11 values of µ, viz., 0 (0.1) 1, for two values of ̟ 0 , viz., 0.5 and 1, to the 13-th decimal place. The values for H DE (̟ 0 , µ) agree with his to the last figures except that ours are larger by one unit in the last decimal place at µ = 0.2, 0.4, 0.6, and 0.7 in the case of ̟ 0 = 0.5 due probably to round-off errors. In addition, all our results for α m (̟ 0 ) (m = 0, 1, 2) for ̟ 0 = 0.5 and 1 are also found to agree with those of Viik (1986) to the 13-th decimal place; an exception is our value of α 1 (1), which is larger by one unit than Viik's in the 13-th decimal place again due possibly to a round-off error.
It may be worth noting that even with the 350-point Gauss-Legendre quadrature, Kawabata and Limaye (2011) had some difficulty in getting the value of α 0 (̟ 0 ) correct to the 10-th decimal place for some values of ̟ 0 quite in contrast to the present work where we have experienced no such problem under the DE-formula.
Conclusion
We have developed a numerical scheme to calculate values of Chandrasekhar's H-function for isotropic scattering with 15-digit accuracy. The important elements of this scheme can be summarized as following:
1. The closed form integral representation for the Hfunction is employed as in Kawabata and Limaye (2011) . 2. The Gauss-Legendre quadrature adopted by Kawabata and Limaye (2011) is replaced with the double exponential formula (DE-formula) of Takahashi and Mori (1974) that enables us to perform the required integrations with considerably higher accuracy. In creating our FORTRAN code, we gratefully benefited from the automatic integrator routine DEAUTO written by Watanabe (1990) in RAT-FOR, which ingeniously circumvents the over-flow problem frequently encountered in calculating the quadrature weights. We retain all his input parameter values also in our calculations. 3. In the case of conservative scattering (̟ 0 = 1), an analytical integration based on the Maclaurin series expansion of the integrand is used as in Kawabata and Limaye (2011) for the integration over a small interval [0, ε] (ε ≪ 1) to reduce numerical inaccuracy that is likely to be introduced by the logarithmic divergence of the integrand, whereas the DE-formula is applied to the integration over the remaining interval [ε, π/2]. In the cases of nonconservative scattering (̟ 0 < 1), on the other hand, only the DE-formula is applied to the entire single interval [0, π/2]. 4. In the interval [0, x t ] (x t < 1), where x t is a prescribed demarcation point, the function 1 − ̟ 0 x/ tan x in the integrand is approximated by the Maclaurin series expansion terminated at the x 12 -order term. For small values of x, this should help reduce any ill-effect that would arise from the inaccuracy involved in returned values from a library function tan(x) supplied by a compiler in use. In addition, especially for ̟ 0 > 0.999, it is crucial to first specify the residue δ = 1−̟ 0 , and subsequently calculate the value of ̟ 0 (= 1 − δ) in order to avoid loss of significant figures which inevitably occurs in calculating 1 − ̟ 0 whenever ̟ 0 is close to unity.
In contrast, for ̟ 0 ≤ 10 −3 , the exact value of α 0 (̟ 0 ) can better be evaluated with an approximate representation like the second one of Eq.(12), although our numerical alculations of the moments using Eq.(11) are hardly affected under such circumstances.
Accuracy of the calculated values for the H-function
was found to depend on the chosen values for the parameters (ε, x t ). A set of optimum values for them was therefore searched using a modified Powell method for function minimization: the quantity ∆ Tot (ε, x t ) (see Eq. (14)) was thereby employed as the target function. Tables 1 through 6 . The magnitudes of errors involved in our results are estimated to be at most 2 in the 15-th decimal places. In other words, our values of the H-function for isotropic scattering H DE (̟ 0 , µ) are supposed to be correct at least to the 14-th decimal place or 15 digits.
The DE-formula is also capable of yielding numerical values for the zeroth moment α 0 (̟ 0 ) to the 15-th decimal place in comparison with the exact values. As for the first through fourth order moments α m (̟ 0 ) (m = 1, · · · , 4), our values are obviously correct at least to the 10-th decimal place as the comparison with those of Bosma and de Rooij (1983) indicates. It is highly likely that they are correct even to the 15-th decimal in view of the fact that ours for α 1 (1), α 2 (1), and α 3 (1) agree perfectly with the exact values and that our values of α m (0.5) (m = 0, 1, 2) coincide with those of Viik (1986) to the 13-th decimal.
A Expansion coefficients for the Hopf constant
The Hopf constant q ∞ can be calculated using the formula by Placzek and Seidel(1947) :
Following Viik(1986) , we expand the integrand of Eq.(A1) in a power series of x up to the term of x n , and carry out the integration analytically, to get the following result:
It is found that terminating the series at n = 250, the numerical value given by Viik (1986) can be reproduced to the 59-th decimal place by rounding off the 60-th decimal figure 8 of our result:
0.7104460895987630727325241416991536719932 01333958785239092798 (A3) (see also Loyalka and Naz 2006, which gives this value to the 20-th decimal place). We present in Table 7 the coefficients (−b n ) up to n = 17 in fraction form, ignoring all the terms beyond (π/2) 33 , and in Table 8 in decimal form. We have confirmed that the value of q ∞ can be reproduced to the 15-th decimal figure or 0.7104460895987631 using a FORTRAN code in double-precision arithmetic by incorporating the coefficients given in Table 8 . It must also be noted that the values for b n (n = 2, 3, 4, 5) shown here are in full agreement with those cited in Viik(1986) . 
